Numerical integration of ODEs by standard numerical methods reduces a continuous time problems to discrete time problems. Discrete time problems have intrinsic properties that are absent in continuous time problems. As a result, numerical solution of an ODE may demonstrate dynamical phenomena that are absent in the original ODE. We show that numerical integration of system with one fast rotating phase lead to a situation of such kind: numerical solution demonstrate phenomenon of scattering on resonances that is absent in the original system. MSC2010 numbers: 34F15, 34C29, 65D30
Numerical integration of ODEs reduces a continuous time problems to discrete time problems. For arbitrarily small time step of a numerical method such discrete time problem may have intrinsic properties that are absent in the original continuous time problem (see, e.g., [5] and references therein). In this note we describe a situation of such kind that was not reported before: appearance of scattering on resonances in numerical integration of systems with one fast rotating phase.
The system under consideration has the form   İ = f (I, ϕ, ε) , I ∈ U ⊆ R l , ϕ = ω(I) ε + g(I, ϕ, ε) , ϕ ∈ S 1 mod 2π.
Here ϕ is an angular variable (phase), functions f and g are 2π-periodic in ϕ, ε is a small positive parameter. We assume that values of function ω are separated from 0 in the domain U by a positive constant, and that functions ω, f, g are real-analytic in U × S 1 × [0, ε 0 ], ε 0 = const > 0. In system (1) the variables I, ϕ are called slow and fast variables, respectively, the function ω/ε is called a frequency. System (1) is called a system with fast rotating phase [1] . Dynamics in many problems is described by systems of form (1).
Evolution of slow variables I in system (1) on time intervals of lengths of order 1 is approximately described by the averaged system:
(the averaging method, see, e.g., [1] ). One can use higher approximations of the averaging method as well [1] . We now discuss a phenomenon that appears if system (1) is solved numerically.
Numerical integration of system (1) with a fixed time step κ effectively introduces into dynamics a new "numerical" frequency Ω = 2π/κ. In the process of evolution of slow variables I the frequency ω(I)/ε changes and passes through resonances with the numerical frequency 2π/κ. Passage through a resonance leads to a scattering on resonance: a deviation of dynamics of I from the averaged dynamics described by (2) (see, e.g., [7] , a scattering on resonance for the first time was discussed in [4] ). This deviation depends on value of phase ϕ at the moment of passage through resonance. Consider for example, the simplest case when the system is integrated by the Euler method. Then the values of I, ϕ at the moments of time nκ and (n + 1)κ are related as
We can say that this numerical procedure integrate the time-periodic system of ODEṡ
where δ(·) is δ-function. We can use the standard identity
Consider Fourier series expansion for f :
Near a low order resonance n 1 ω(I) ε +n 2 2π κ = 0, where n 1 and n 2 are co-prime integer numbers, the dynamics is approximately described by the partially averaged equations (see [7] )
For such form of equations there are asymptotic formulas for amplitude of scattering on resonance in different situations (see [6, 7] ). Assume that f is analytic in a strip |Im ϕ| ≤ σ. Then |f n | < const · e −σ|n| . Then under rather general assumptions the amplitude of the scattering is ∼ √ ε e −σ|n 1 | . For n 2 = ±1 we get that the amplitude of the scattering is
ω(I)κ . Thus the considered effect is exponentially small in natural circumstances when κ ≪ ε.
We first will demonstrate the existence of scattering on resonance for iterations of maps of the form (3) . To this end we will integrate numerically by the Euler method with unrealistically big fixed time step the following simple system of equations with one rotating phase:
If this system is integrated by the Euler method, then, according to formula (4), near the resonance
+ n 2 Ω = 0, the dynamics is approximately described by the systeṁ
Let the resonance take place at t = t * , i.e.
. Then passage through a narrow neighbourhood of this resonance produces a jump in I 2 given by the asymptotic formula
where ω ′ * = ω ′ (I 1 * ) (c.f. [2] for the estimate of the error term). Here ω ′ = ∂ω/∂I 1 , we assume that ω ′ (I 1 * ) = 0. This phenomenon is called a "scattering" because the value of jump depends on the value of phase ϕ = ϕ * at the moment of passage through a resonance. For discrete time systems these jumps were first observed in [8] .
We take ω = I 1 and the following values of the time step κ: ε, ε/2, ε/5, ε/10. Take ε = 0.001. Initial conditions for each run are I 1 (0) = −1, I 2 (0) = 1, ϕ(0) = 0. Thus ω = I 1 = t − 1, Comparison of calculation of jumps using formula (7) with numerical results in Fig. 1 
We again take I 1 (0) = −1, I 2 (0) = 1, ϕ(0) = 0, ε = 0.001. Result for κ = ε/2 is shown in Fig. 3 . We use this unrealistically big value of the time step to demonstrate existence of the phenomenon.
Resonances should appear at n 1 ω ε + n 2 2π κ = 0, where n 1 and n 2 are co-prime integer numbers. Using ω = t − 1, κ = ε/2, we obtain t = − We analyse the right hand side ofİ 2 term by term. For the first term, cos ϕ, we have n 1 = 1, the resonances occur at the points t = k · 4π + 1, k = 1, 2, 3, . . . (marked as A in Fig. 3 ). For the next term, Table 1 was calculated as follows:
, where t 1 is the time moment in the considered discrete grid immediately preceding to t * , and ϕ 1 is the value of ϕ for the numerical solution at t = t 1 . The corresponding points are marked in Fig. 3 as C and D, respectively. If we go on with this procedure, we will find every resonance for 11 terms by increasing n 1 from 1 to 11. Now let us consider the casė
with infinite number of terms inİ 2 . Let us representİ 2 aṡ The result of numerical simulation by 4th order Runge-Kutta method for the same initial data and parameters as for system (8) is shown in Fig. 4a . It is clearly seen that the resonances where the jump occurs are the same as for system (8) for the first four terms iṅ I 2 . For later terms 1 2 n 1 −1 cos n 1 ϕ inİ 2 we can find corresponding resonances, but the jumps become smaller and smaller due to decreasing of coefficients 1 2 n 1 −1 as n 1 increases. Finally, let us numerically integrate system (9) by 4th order Runge-Kutta method with the same initial conditions and parameters, as in the previous run, but with the time step κ = ε/10 and κ = ε/20. The results are shown in Figs. 4b and 4c. One can see how amplitudes of jumps decay as κ decays. We present a zoom of the jump at t = 8π + 1 in Fig. 5 . This jump corresponds to the resonance 5 ω ε − 2π κ = 0. The curve in Fig. 5 looks "fat". The reason is that the solution is the sum of a jump curve corresponding to the term cos 5ϕ in the right hand side of equation (9), and high frequency oscillations corresponding to, mainly, terms cos mϕ, m = 1, 2, 3, 4 , in (9). If we magnify Fig. 5 we would see these oscillations inside "fat" curve. When behaviour of a system with fast rotating phase should be studied numerically, it looks as the most appropriate way is to use the averaging method and its higher approximations, like in [3] . If, however, the direct numerical integration of the original system with a standard constant step numerical integrator is used (e.g., to compare results with results obtained by the averaging), then the deviations of the numerical solution from the exact one have form of jumps on resonances between the internal frequency of the system and the frequency of discretisation.
